CLASSIFICATION AND REPRESENTATION OF
SEMI-SIMPLE JORDAN ALGEBRAS

BY
F. D. JACOBSON AND N. JACOBSON

In the present paper we use the term special Jordan algebra to denote a
(non-associative) algebra f over a field of characteristic not two for which
there exists a 1-1 correspondence a—aZ of & into an associative algebra ¥ such
that

1) (a + b)E = af 4 bE, (a@)® = aa®
for « in the underlying field and
2) (a-b)B = (aPBbE + bEaR)/2,

In the last equation the - denotes the product defined in the algebra . When
there is no risk of confusion we shall also use the - to denote the Jordan
product (xy+yx)/2 in an associative algebra. Jordan multiplication is in
general non-associative but it is easy to verify that the following special rules
hold:

3 a-b=b-a, (a-b)-a* = a-(b-a?.

Hence these rules hold for the product in a special Jordan algebra.

Because of this fact one defines an abstract Jordan algebra to be a (non-
associative) algebra in which the product satisfies (3). Such algebras were first
studied by Jordan, Wigner and von Neumann(!), and recently Albert(?) has
developed a successful structure theory for Jordan algebras over any field of
characteristic 0. Using definitions of solvability and the radical that are
customary for Lie algebras, he succeeded in carrying over to the Jordan case
the known theorems of Lie, Engel and Cartan on solvable Lie algebras. Also
he proved that an algebra that is semi-simple in the sense that it has no solv-
able ideals is a direct sum of simple algebras. The determination of simple
Jordan algebras can be reduced to that of central simple algebras and for
these Albert proved the existence of a finite extension field P of the base field
such that R is one of the following split algebras:

A. The algebra P,; of n X7 matrices over P relative to Jordan multiplica-
tion a¢-b=(ab+ba)/2.

B. The subalgebra of P,; of symmetric matrices.

Presented to the Society, February 26, 1949; received by the editors November 24, 1947.

(%) Jordan, Wigner and von Neumann [1]. Numbers in brackets refer to the bibliography
at the end of the paper.

(2) Albert [4]. Cf. also Albert [2].
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C. The subalgebra of P,;, n=2m, of matrices that are symmetric relative
to the involution a—¢~'a’q where a’ denotes the transposed of ¢ and

@ -(_ )

D. The algebra I" with basis s, s1, - - -, s, and multiplication table

So°S; = Sy
(5) 2 .
Si = So, si-s; = 0, 1 # 7.
E. The algebra of three rowed hermitian matrices with Cayley number
coefficients relative to the composition a-b=(ab+ba)/2. This algebra has
dimensionality 27.
A Jordan algebra R is said to be of type A, B, C, D or E if there exists a
finite extension P of its base field ® such that 5 is one of the algebras in the
list A, B, C, D or E respectively. As has been shown by Albert(?) any algebra

of type D has a basis sy, 51, + * +, s, such that
So°8: = S
2 . .
si = aiSo,  Siv5; =0, i#Ej=12---,n

The algebras of type B and C over a field of characteristic 0 have been de-
termined by Kalisch(?). In the present paper we determine the algebras of
type A. Our method is applicable for base fields of characteristics #2 and
we use it to show also that Kalisch’s determination of the algebras of types
B and C is valid with merely this restriction on the characteristic. We note
finally that a determination of the algebras of type E has been given in a
recent paper by R. Schafer(%).

A glance at the above list shows that the split algebras A, B, C and D are
special Jordan algebras. It is not surprising that a similar result holds for
the algebras of the corresponding types A—D. On the other hand it is known
that the algebra E is not a special Jordan algebra(®) and at the present time
a characterization of the special algebras is still lacking.

The present paper is not primarily concerned with the structure theory,
or with the problem of characterizing the special Jordan algebras. The prob-
lem that we consider here is that of determining all the imbeddings of a
special Jordan algebra in associative algebras. We define such an imbedding
to be a homomorphism of & into the Jordan algebra obtained by replacing
ordinary multiplication in an associative algebra by Jordan multiplication.
By definition, any special Jordan algebra possesses at least one isomorphic

(3) Albert [2, p. 548].
(%) Kalisch [1].

(5) Schafer [1].

(8) Albert [1].




1949] CLASSIFICATION OF SEMI-SIMPLE JORDAN ALGEBRAS 143

(that is, 1-1) imbedding. Of particular interest are the imbeddings in matrix
algebras, or what amounts to the same thing, in algebras of linear trans-
formations. An imbedding of this type is called a representation. For these we
have a natural concept of equivalence. Two representations R; and R, in
®,, are called equivalent if there exists a matrix s in ®,, such that

afe = s 1gRig

for all @ in . We can also define reducibility, decomposability and complete
reducibility of a representation in ®,, in the usual fashion to mean reducibility,
and so on, of the set 8% of representing matrices aZ.

Of fundamental importance in the study of an imbedding R of & in A is
the enveloping algebra €(R, R) defined to be the (associative) subalgebra of
I generated by the representing elements a?. As was first observed by Birk-
hoff and Whitman, any Jordan algebra { possesses a universal imbedding Ry
and a universal (enveloping) associative algebra U=E(R, Ry) that has the fol-
lowing property: If R is any imbedding of & then the correspondence a®o—aZ®
can be extended to a homomorphism of the associative algebra 1l on the
associative algebra §(®, R) (7). Clearly U is unique in the sense of isomorphism.
Hence we speak of the universal associative algebra of {.

It is clear that the determination of the universal associative algebra U of
& reduces the study of the imbeddings of & to that of the homomorphic map-
pings of the associative algebra U. We therefore consider the problem of
finding the algebra Ul. We remark that for the case of the split algebra of type
D the solution of this problem is well known and is given by the definition
of the algebra of Clifford numbers.

In the present paper we obtain the universal associative algebras for all
the special semi-simple Jordan algebras. An outline of the procedure is the
following: We first show that if & has an identity and is a direct sum of two
algebras & and &, then U is a direct sum of the universal algebras of the ..
Next we determine the universal algebras for the split Jordan algebras A, B,
C and D and we use this determination to obtain the Jordan algebras of
types A, B and C(®). We then determine the universal algebras of the Jordan
algebras of types A-D. As applications we obtain the isomorphisms and the

(") This result was announced at the Algebra conference at the University of Chicago,
June, 1946. Birkhoff and Whitman also announced at this conference that they had determined
the universal algebra of the split algebra A. (See Birkhoff and Whitman [1].) On the other
hand, the present authors were in possession at this time of a result that amounted to a deter-
mination of the universal algebras of the split algebra B and had partial results on the algebras
A and C. Stimulated by Birkhoff and Whitman’s announced results we succeeded subsequently
in completing the work presented here.

(®) It should be mentioned that Albert [2] has determined the representations for all the
split algebras of characteristic 0 and, in fact, for the somewhat more general class of reduced
algebras. His results, however, are not in a form that is suitable for our purposes. Moreover,
the assumption of non-modularity of the base field is used in an essential fashion in his deter-
mination.
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derivations of these algebras.

Our results reduce the problem of representation of semi-simple Jordan
algebras to that of semi-simple associative algebras. For we show that the
universal algebra of a semi-simple Jordan algebra of characteristic 0 is semi-
simple and we determine the simple components. A corollary of this result is
that every representation of a semi-simple Jordan algebra is completely re-
ducible. Moreover, the irreducible representations can be obtained by using
our results and the known theory of associative algebras.

1. The universal associative algebra. We have defined a special Jordan
algebra to be an algebra & for which there exists a 1-1 mapping a—a® into
an associative algebra % such that (1) and (2) hold. Another way of stating
this is the following: Let U be any associative algebra. We define in ¥ the
Jordan product

a-b = (ab+ ba)/2

and we consider the set ¥ relative to the addition and scalar operations de-
fined in the algebra U and relative to Jordan multiplication as multiplication.
Since Jordan multiplication is distributive and homogeneous we obtain in
this way a (non-associative) algebra. We denote this algebra as U; and call
it the Jordan algebra determined by .

We can now define a special Jordan algebra to be any algebra that is
isomorphic to a subalgebra of some ;. It is clear that this definition is
equivalent to our previous one.

Now let & be a special Jordan algebra and let R be any imbedding (not

necessarily 1-1) of & in an associative algebra A. Let x1, x2, - - - be a basis for
& over ® and let
(6) i X = D ViisR,

v’s in @, be the multiplication table. Then in % we have the relations
R R R
i & = D Vi
so that
R R R
(7) XiXj = — X;%; + 22 YijkXk.

Since the x; form a basis for § any representing element aF is a linear com-
bination of the xE. Hence any element of the enveloping algebra G(®, R) is a
linear combination of monomials xfxf - - - xf. Now if 4;=4;.1 we can replace

xixf | in this product by

R R R
= X%t 22 Vijij1k¥ke

A succession of such substitutions will yield an expression for xffx,’: <o oxfas
a linear combination of monomials of the form
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R e R_ e R es
(8) (1) (%2)" - -+ (%)
where the ¢;=0, 1 and (e, €, - -+, €&)5(0, 0, - - -, 0). Thus we see that if
the dimensionality (f:®) =# then (€:®)<27—1.
We consider now the free algebra § with basis X;, X,, - + + in 1-1 cor-

respondence X;—x; with the basis for 8 Let 8 be the two-sided ideal in
& generated by the elements

9) (XX + X;X)/2 — D viinXa

and let U be the difference algebra §/%B. If %; denotes the residue class of X;
mod B then

Xy &j = Z YiikXk.
Hence the correspondence a = Y oix;—d= ) a.%; is an imbedding of & in 1.

DEFINITION. An imbedding ¢—a of a special Jordan algebra & is called a
universal imbedding and its enveloping algebra U is a universal associative
algebra for & if the correspondence G—a? determined by an arbitrary imbed-
ding R can be extended to a homomorphism of the enveloping algebra Ul onto
the enveloping algebra €=E(8, R).

We shall now show that the imbedding a—a that we have constructed is
universal. Since § is a free algebra there is one and only one homomorphism
of § into € sending the generator X; into the generator xf of €. This homo-
morphism maps the element (9) into

R R E R R
(i + x2) — D vyijuxr = 0.

Hence the kernel M of the homomorphism includes the ideal ¥B. It follows
that this homomorphism induces a homomorphism of U=/% into € map-
ping &; into x¥. Evidently this is an extension of the mapping d—aF as re-
quired(?).

We note next that the mapping a—a is 1-1. For we have assumed that
there exists an isomorphic imbedding R. For such an R the x¥ are linearly
independent. Hence the #; are also linearly independent and a—a is 1-1.

Suppose now that ¢—a’ is any universal imbedding and that U’ is its en-
veloping algebra. Then by definition a’—a and @—a’ can be extended to
homomorphisms between the enveloping algebras. These extensions are
unique and it is clear that each is an isomorphism. In this sense any two uni-
versal imbeddings are equivalent. We shall therefore speak of the universal im-
bedding and tke universal algebra. We shall also identify § with the subset of
U representing it. We can do this since the universal imbedding is 1-1. Also we
shall write ¢ in place of a. Hence the universal imbedding is the identity
mapping a—a.

(*) These results on the existence and finiteness of the universal algebra were first discov-
ered by Birkhoff and Whitman. See footnote 6.




146 F. D. JACOBSON AND N. JACOBSON [March

We shall now show that the universal algebra U=/ possesses an in-
volution relative to which the elements of & are symmetric. First it is clear
that the mapping

Zail""".rXil T Xir__) Zail"'ir Xir Tt Xil

is an involution in the free algebra §. The elements X; and therefore the
elements X, X ;4 X,;X,; are symmetric relative to this involution. Hence the
basis (9) of B consists of symmetric elements. This implies that B is in-
variant under the involution. Hence we have an induced involution J in

U=%/B defined by
Z ail...;rxil L xi,—> Z a;l...i'x,-, ce X

Evidently the x; and hence every a € is J-symmetric. We note also that J
is uniquely determined. Thus let K be any involution in U leaving the ele-
ments of ® fixed. Then

(Z Qiyeeeg, Xip o0t x,")K = Z [« TPRRRT A 7

Since any element of U has the form Y a,...;%:, - - - &;, this shows that
K =7J. We shall refer to J as the fundamental involution in U.

2. Universal algebra of a direct sum. We suppose now that U is any
associative algebra and that { is a subalgebra of the special Jordan algebra
U; determined by U. We assume moreover that the smallest (associative)
subalgebra of U containing & is U itself. This is a more general situation than
that considered in the preceding section in which U is the universal algebra of
.

If a€R, a-a=(a®+a?/2=a? and by induction we see that the rth
Jordan power a"=(a"')-a=a". Thus the powers of a single element of
& generate an associative subalgebra of U.

If e is an idempotent element in the special Jordan algebra & then e is
idempotent in the associative algebra U. Suppose now that a is an element of
& such that e-a=0. Then ea = —ae and e%a = —eae=ae? so that ea =ae. It
follows that ea =ae=0. In particular if e and f are idempotent elements of &
that are orthogonal in the sense that e-f=0 then these elements are idem-
potent and orthogonal in U in the usual sense that ef =0=/fe.

Next let e be an idempotent element of & and let a be an element of & that
has e as identity. Then e¢-a =a so that a = (ea+ae)/2. Hence

a = (ea + ae)/2 = (ea + ae)/4 + eae/2.

This implies that (ea+ae)/2 =eae and that a =eae. Hence ea =a =ae. Thus e
is an identity for a in the associative algebra. In particular we see that if &
has an identity e then ea =a=ae for every a ER. Since { generates 1 this
means that e is an identity for U.

We assume next that & has an identity e and that & is a direct sum
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1@ K2 of the ideals K;. Then if a. € R;, a1-a:E RN K2 and hence a;-a>;=0.
Write e=e;+¢€; where ¢, E ;. Thena=e-a=e;-a+e:-a=a,+aswherea;=e;-a
is in k. This implies that the ¢; are idempotent and that e; acts as an identity
for R:. As we have seen this implies that e; is an identity in the associative
algebra 11; generated by &;. Since e; and e; are orthogonal, U;ll:=0=U,1l,.
Since =1+ 82, U=U;+U,. Thus U=U;®U,. This proves the following
theorem.

THEOREM 1. Let U be an associative algebra and let & be a (Jordan) subal-
gebra of U; such that & generates 1. Then if R has an identity and is a direct sum
K10 82, U is a direct sum N1 DU, where U; is the algebra generated by ..

We suppose now that U is the universal algebra of 8 We wish to show
that under the hypothesis of Theorem 1, U; is the universal algebra for f..
Let a;—af be an imbedding of R, in the associative algebra %;. We form the
direct sum %, ®U, and consider the correspondence a;+as—a¥+a,. This
is an imbedding of ® in A1 ®U,. If G, is the enveloping algebra of R then the
enveloping algebra of the representation a;+a;—af+a, is € ®U,. Since U is
the universal algebra of § the imbedding of & can be extended to a homo-
morphism of U. The contraction of the latter homomorphism to U, is an ex-
tension of R. Since R is arbitrary this proves that U, is the universal algebra
of f:1. A similar statement holds for f,.

THEOREM 2. Let R be a special Jordan algebra with an identity and let
U be its universal algebra. Then if R=R1D R, U=U1DU. where U; is the
algebra generated by R, and ; is the universal algebra of K;.

3. Universal algebras of split Jordan algebras. In this section we shall
determine the universal algebras for certain algebras that appear to play the
same role in the theory of special Jordan algebras that is played by the full
matrix algebra in the associative theory. These are the special split algebras
defined in the introduction.

Class A(*"). These are the special Jordan algebras ®,; where ®,, is the full
matrix algebra. If  =&,;, & has a basis e;;, 4, j=1, 2, - - -, n, with multiplica-
tion table

(10) 2e;;-er1 = Ojreir -+ buer;.

In particular the elements e;; are orthogonal idempotent elements in &.
If U is the universal associative algebra of & then the elements e;; are
orthogonal idempotent elements of 1I. We now define

(11) gi; = e€ii€ijejj, PRI R

(1°) The determination of these universal algebras was made first by Birkhoff and Whitman.
(See footnote 6.) Since these results are needed in the consideration of the split algebras C we
derive them anew here.
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Then
i = eueijei; = (€ij — €ij€i)ej; = €ifejj.
Similarly g;j=e.e:;, We have the following relations
(12) 8iigk1 = eijejiernerr = 0 ifj#k,
and if ¢, j, k are not equal then
giigix = eiieijeinerr = €is(eir — €ikCij)Ck = €:i€ik€kk — €ii€ike:iCkk.
Since e;; is idempotent and e;;-e;x=0, e;; e;5=0. Hence
(13) Ziifik = €iiliklrk = Lik, 1, j, k distinct.
We now define
(14) 8ii = Giifi

and we prove that this element is independent of j. Let 7, j, & be distinct. Then
by (13)

giigii = gii(gingri) = (8iigir)8ki = Zikghi

We wish to show that the elements g, ¢, j=1, 2, - - -, %, satisfy the
multiplication table for matrix units. Since (12), (13) and (14) hold we need
only to verify the table for products in which one of the factors is a g;:.

Since e:igij=gii=gis€s5,

(15) giigir = 0 = grigis, i 7.
Next let ¢4 and choose k51, j. Then
(16) giigii = (girgri)gii = Lirgri = ij-

Finally let ¢, j, k be distinct. Then

2
(17) 8ii = 8iifii8ik8ki = Ziifix8ki = LikLki = &ii.
In a similar manner we prove that g;ig:; =0z:g;; and this proves our assertion.
We define next a second set of matrix units. We set

inti = €ii€ii€ii, i # 9,
(18) 8ntinti i€4i J

Entinti = Lntinti8ntintie

Since the table (10) is unaltered under interchange of the two subscripts of
each element it is clear that the elements gu4s,q+; multiply like matrix units
too. As for the gi; we have gniiai;=eieji =ejie;5, 1775,

We wish to prove now that the product of any g;; by any gnix,ns1is 0. We
note first that since exx is idempotent and ex:-e;;=0 for 4, 7, k distinct, then
esjexr =0 =exre;;. Hence
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Zii8n+intk = €ij€;jjCkiCkk = €;j€kjCkk = ~— €kj€ij€kk = 0.
This implies that

Biintimti = Liifntintkfatkari = 0
and
giifntimti = &iifntimtifntinti = O.
Since Zii€ii =gis and €ji8ntinti = Entintir g.-.~g,,+j,,‘+,-=0 if i?‘-‘] The element

g= 2 g is an identity for the gi; and g’= D gayj,n+j is an identity for the
gniinyj Our relations show that

gf = O Ziintimri = O.

It follows that gijgnik,n1=0 for all ¢, j, k, I. Similarly we can prove that
Entknti1gii=0. ,

Now let ®” denote the subspace of Ul generated by the g;; and &P the
subspace generated by the gniiniz. Then & is a subalgebra of Ul and
PPP =0=3PdP. By (10)

eij = €iiij + eijeii = gii + Gnrimtir 17 j,
eii = eii(eis + eji)ei = euleijes + ejieij)ei
= 8iigii + En+intifntinti
= gii + 8nti,ntie
Thus all the e;;EPP 43P, Hence U=0P @ L.

We have seen that each ®# is a homomorphic image of the 7 X7 matrix
algebra. Since the matrix algebra is simple, ® =0 or ®® is isomorphic to
the # Xn matrix algebra. We shall now show that the latter alternative holds
for both values of 7. For this purpose we consider the representation of &

defined by
R (S;;' 0 )
€;; =
0 Sii

where s;; is an #X#n matrix with 1 in the (7, §) position and 0’s elsewhere. It is
immediate that the eg satisfy (10). The representation R can be extended
to a representation of 11 that we shall also denote as R. We can verify that

R RRER si; | O ..
- gii = eweiieij = | ===~ )s 177,
R RRER 010 ..
Gntimti = €ii€jiej; = | —— , 1 # 7.
0 Sij

From this it is immediate that the elements gf, g¥,,,,, are not equal to 0.
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Hence the gi; and ga4i,+; are not equal to 0. It is also clear that the repre-
sentation R of I is 1-1. Thus R is also a universal imbedding. For the purpose
of visualization it is preferable to use this representation. From now on we
therefore take ® to be the set of matrices

(20) (j—%)

0
a an nXn matrix with elements in ®. The universal algebra U is the set of

matrices
1) ( ]9 )
015/
We note now that the mapping
()-C)
-
b a

is an involution in . Since the elements of & are fixed relative to this involu-
tion we know that it coincides with the fundamental involution J in U.
On the other hand it is clear from the above definition that & is the complete
set of J-symmetric elements of its universal algebra.

The case n =2 excluded here will be treated in our discussion of the alge-
bras of class D.

Class B. An algebra of this class has a 1-1 representation as the set of

nXn symmetric matrices over ®. If we use this representation we see that
& has a basis

fif=fii=(eii+eii)/2v i'j=1v21"'vnr

where the e;; are matrix units. Using the multiplication table for the e;; we
obtain

(22) Afii fro = dinfa + Sufie + dinfi + durfin.
This can be broken down to the following relations:
fi = far
4fii = fu + fin i # .
(23) 2fii fi; = fii i # g,
&fiifix = fir i, 7, k distinct.
fii-fis = fii-fie = fii-faa = 0, i, 7, k, I, distinct.

In particular the elements f;; are orthogonal idempotent elements of {.
Now let 11 be the universal associative algebra of f. The elements f;; are
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orthogonal idempotent elements of 11. We now define
(29) gis = fii gii = 2fiifiifii

and we shall show that these are matrix units. First we have

(25) g?; = gii, giigii = 0,
and

(26) iifik = 8:iigik,  Gingii = Oirfii
It follows that

27 giigu = 0,

We note next that if 25j then
gii = 2fufiifii = 2fii — fuifidfis = 2fiifii

and similarly g;;=2f.f:;. Hence
(28) giigis = Mufeifis = fulfor + fidfe = fu = goa
Next let 4, j, & be distinct. Then
' giigix = 4fiifiif infer

= 2fi(fix — firfii)fur

= 2fiififur
since fijfre=0. Thus
(29) giigik = gir.

This proves our assertion.

151

i# 7,

if 5 k.

Let ®, denote the subspace of Ul generated by the g;;. Then ®, is a complete

matrix subalge®ra of UI. Also we have
(gii + 8i)/2 = fuifii + fiifui = 2(fus- fi3) = fii
Thus the f;;E®, and U=&,.

Another way of stating this result is that we may take ® to be the set of
n Xn symmetric matrices and take the universal algebra Ul to be the complete
matrix algebra. It is immediate that the fundamental involution J in U is the
usual mapping a—a’. Hence { is the set of J-symmetric elements of .

Class C. Any algebra of this class has a 1-1 representation as the subset
of ®,, n=2m, of matrices a such that g~'a’¢g=a where ¢ is given by (4). We

write

a11 Q12
a =
az1 Q22
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where the a¢;;E®,. Then the condition ¢-la’¢=a is equivalent to

(30) @ =an, Gp=—0p dau= — an
Hence if the ez are matrix units then the algebra & has the following basis:
hij = eij + emyi mii,
(31) fii = — fii = €imti — €imii,
dij = — dji = €myi,j = €miiir 5,7=12"---,m.
The h;; satisfy (10) and these elements generate a subalgebra of { isomorphic
to the Jordan algebra ®.,.; of class A. Also it is clear that the Jordan products

of any two f’s or of any two d’s is 0. The following completes the multiplica-
tion table:

2hii fra = Sifar + di1fri,
(32) 2hij-di = dadi; + dud i,
2fii di = djxhay + Sahir — dixhi — Sk
We shall assume that m =3 in the remainder of our discussion. We con-

sider & now as imbedded in its universal algebra Il and we wish to determine
the structure of U. We define the following elements in U:

i = hiih{'h", i #£ ‘,

(33) &ii i"ii J
§ii = Liikiir

Emiimii = Rishjihij, i 7,

Emtiimti = Gmtimt imtimtis
Gimti = hiifiihis, i,
iomti = Liifimtiy
gmii = hidiihi;, i 7,
mtii = Emii,ifiis
i, =1, 2, - - -, m. We shall show that these elements are uniquely defined
and that they satisfy the multiplication rules for matrix units. This has al-
ready been established for the elements gij and gm4i,m+; in our discussion of
class A. We recall also that gi;=hehi; =hihi; and gmyimei = bishii=hjih;;.
We note next that if 7545 then

Giomii = haifiihi; = (fii — fiiha) his = fiihii

since the Ay are orthogonal idempotent elements. Similarly gi m4;="/:fi; and
Gmri i =hidij=di;h;;. Let 1, §, k be distinct. Then

(34) Zrilimti = herhiif iihii = hi(fui — fiihkei) Bii = herfrihs = gromai.
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Hence

8iifiimti = LikEkifimti = EikEk,myi.
Hence
(35) 8iifiimts = Gimii

for all j. Also

8iifiimti = Lik8kifiimti = Eikkmis

(36)
= &i,m+is
and these relations imply that
(37 gniimti = Enigiifiimti = Oikghi8iimei = Ojkgh,ms

for all &, &, 4, j provided that 7. But gim+i=giigi.m+s Hence

(38) gukGiomti = Enriiliimti = Oikgrifimti = Oikgh,mts.
We next prove that if 7745
Giimiilmiiomes = Raifsihihe = — Rihsifiiha
= hihiifiihi
= Ziifim+i
= &i,m+i.
Using this relation we can prove in the same manner that (37) and (38) were
established that
(39) gim+ifmih,mik = Oingjmik
for all &, <, j, k.
We now note that
(40) . Gimtignk = 0 = Zmih,mirgi,mti-

This is clear since gjmiigmiimti=gim+i=gii€imi While gmiimiigrr=0
= Bt h,mt kL
In a similar manner we can prove

(41) Emii ik = OnGmii ks
(42) Emihmikfmii,i = Oikgmih,is
(43) gnrgmis,i = 0 = Zmii,ifmihmike

It remains to consider the products gu,m+ig€m+4,; and Zmii,igh.mek. We have

EhomikEmii i = Ehomikfmik,mikfmii,miifmii,i = 0
if 2#k. Let &, 4, j be distinct. Then
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Bhmiimii,i = Manfuidiihi; = han(hnj — diifns) b
(44) = hunhnihii
= &hj-
This implies that
Eh mtifmtih = Eh,mtifm+i,ifik = Erifih = Ehh
In a similar manner we can use the definition (33) to extend (44) to the cases
h=15j, h¥%i=j and k=1=j. A like argument yields
(45) Emti,i8hmik = Oingmti,mtke
Thus we have proved that the g’s are matrix units. We now show that the
subalgebra ®,, »=2m, determined by these units coincides with 1. This fol-
lows from the following equations:
gii + Gitmiitm = hishij + hijhii = hij, i# ],
gii + Emtimii = ij Bii  Emtismtifmtiimti
= hiihij hiihii + hiihjihi; hi
= hii(hijhji + hiihi) hii
= hii(his + ki) hii
= hii,
Giom+i — Limts = hiifi; — fiihii = hiifi; + fishii = fij,
Gitm,i — Litm,i = hidi; — djhii = hiidij + dijhii = dij.
For these equations show that the f;;, d;; and &;; are in ®,. Hence U=®,.
This discussion shows that we can take & to be the set of matrices satis-
fying (30) and U to be the complete set of # X7 matrices. The involution J in

the universal algebra has the form a—g¢~'a’gq, and R is the set of J-symmetric

elements of U.
Class D. We consider a Jordan algebra & that has a basis of n+1 elements

So, S1, * * *, S, and multiplication table
So* 8¢ = Sy,

(46) Sf:aiso» a;#0,1=1,2,---,n,
sis; =0, Lj=1,--+,m; %]

The universal algebra U of & is the well known algebra of Clifford numbers(!?).
It has the basis

€1 €2 €n

(47) S1S2 + - S,

(1) See Weyl and Brauer [1 ], Witt [1 ]
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where the ¢;=0, 1 and the multiplication table for this basis can be deduced
by means of the associative law from the basic relations
2 . .
(48) S; = ay, $i§; = — §;84 1 # ](12).
In determining the structure of U it is necessary to distinguish the two
cases n even and # odd. We consider first the case # =2m. Here we introduce
the elements

(49) Um = S182 * * * S2m—1, Um = Som—182m

and we deduce from (48) that

(50) ”’fn = (—l)m—lala2 t ot Oam-1y vfn = — 0am—102my UmUm = — UmUm.
Thus the subalgebra Q. that has the basis (so, %m, Um, %n¥m) is a generalized
quaternion algebra. It follows that 1 =Q,, X 8 where B is the subalgebra of U
of elements that commute with all the elements of Q.. Since the dimension-
ality (U:®) =22, (B:P) =220 _On the other hand it is easy to verify that
the elements s, sz, © * *, Sam—e commute with #,, and v,. These s; generatea
Clifford algebra of dimension 22=—1, Hence this system coincides with B.
An inductive argument now yields the formula

II=Q1XQ2X"'XQ7M

where Q= (so, %x, ¥, usvr) and
2 k 2
(51) w, = (—1) awor + -+ @gi, Vp = — Q2k—102k-
It follows that U is a central simple associative algebra.
We consider next the case of an odd #. Set »=2m+1 and

C = 8182 * * * S2m+1.

Evidently ¢ commutes with every s;. Hence ¢ is an element #s, in the center
€ of . We have

(52) 2= (—Dmuas -+ + azmi1.

Hence ®(c) is either a quadratic field over ® or is a direct sum of two algebras
of order one. These alternatives hold according as (—1)"[ [2"+! a; is not or is
square in ®. The elements sy, 52 - - -, s2m generate a Clifford algebra 8 which
is central simple of dimensionality 2?". Since ssm41 is a multiple of ¢sis2 © - - Som
the space WP(c) =P(c)W=1l. Hence U=WXP(c). Since W is central this
implies that ®(c) =€. Moreover, if we refer to the structure of ®(c) we see
that either Ul is simple with ®(c) as center or Il is a direct sum of two central
simple algebras over ® each isomorphic to the Clifford algebra .

(12) The defining relations (46) show that s, is the identity in U. Hence we suppress it in
our formulas. Thus we write si =qy instead of S:=a.'50.
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Suppose now that all the a;=1 and that ® contains (—1)¥2, Then (51)
reads

2 k 2
uk:(—l)’ v = — 1.

Hence Qi is a complete matrix algebra of 2 rows and columns. If # is even
then Ul is a direct product of m such algebras. Hence U is isomorphic to the
complete matrix algebra of 2m rows. If n=2m -1, ®(c) is a direct sum of two
algebras of order one and Ul is a direct sum of two complete matrix algebras
on 2m rows.

We shall now show that the two cases excluded before, namely, class A
with #=2 and class C with m =2 can also be regarded as algebras of the
present type. In the first case we choose as basis for &:

(1 0) <1 0) (0 1> (0 1)
"=\ 1) T\ =) T\ o) T4 o)

Then the s; satisfy (46) with au=1, ap=—1, az=1. Hence ¢*>=1 and U is a
direct sum of two algebras each of which is isomorphic to the Clifford algebra
determined by si, s.. Since s2=s,, s3= —s, this algebra is isomorphic to the
complete matrix algebra of two rows. This proves that the result obtained for
algebras of class 4 is also valid for the case n=2.

Now let & be the algebra of class C with m =2. We take the following
basis in {:

1 1
1 ~1
So = 1 ) $1 = 1 )
1) —1
01 0 1
-1 0 1 0
= 0o —1” "7 o 1|’
1 0) i 0
' 0 1 0 1
-1 0 —1 0
R A - ’
—1 0 1 0

It can be verified that (46) holds with ei=a3=05=1, ay=ay=—1. Hence
¢2=1 and U is a direct sum of two algebras of the form QX Q. where Qx
= (So, Uky Vi, ukvk) and
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2 2
u1=—1, 7!1=1; u2=—1, 7)2=1.

Thus 01X Q; is a complete matrix algebra of four rows. We therefore see that
the universal algebra is a direct sum of two matrix algebras and this result is
different from that obtained for the other algebras of class C.

4. Determination of the algebras of types A, B, C. We say that a Jordan
algebra f is of type A, B, or C if there exists a finite extension P of the base
field & such that &; is an algebra of class A, B, or C respectively. In this
section we determine these algebras. We shall assume that m =3 if & has type
C. We begin with the simpler

Types B and C. If R is of type B we may regard & as a ®-subalgebra of
the Jordan algebra of symmetric matrices over P such that the P space P
spanned by these matrices is the complete set of symmetric matrices. Similarly
if 8 is of type C we may take  to be a ®-subalgebra of the Jordan algebra of
matrices satisfying (30) such that PR is the complete set of these matrices.

In either case if %1, %2, - - - , %, is a basis for & then these x’s also constitute
a basis for the extended system. Since & is a $-subalgebra
(53) XiXj = D Vijkk,

where the v’s are in ® and as usual x;-x;= (x:x;+x%:) /2.

Let p—p® be a regular representation of the field P over ®. The matrices
pF¥ are in the matrix algebra ®; if z=(P:®). If «E® then «aF is the scalar
matrix o If x = (&;;) is in P, we define x®* to be the matrix in ®,s obtained by
replacing each &;; by the “block” ££E®;. The correspondence R¥*: x—x® is a
representation of P, regarded as an algebra over ®. Hence by (53)

(54) xf.~ x?‘ = E 'y;,-kxf‘ .
It follows that if the &EP then the correspondence Y £xi— D £ is a rep-
resentation of fp over P. We know that this can be extended to a representa-
tion R’ of the universal algebra P, of R5.

Now R* and R’ are both homomorphisms of P, into the ring PB.» and if
aE® then

(ax)®* = axB*, (ax)® = axF.

It follows that the totality % of elements x such that ¥ =x? is a ®-sub-
algebra of P,. Since x¥" =xF, RC9. Hence the ®-subalgebra € generated by
f is contained in U.

Since P, is generated by ®p and the x; form a basis for & we can adjoin
to the basis x1, %3, + - -, %, suitable products of these x’s to obtain a basis
X1, %3, * * +, Xp2 for P, over P. These x;&€ and hence to . Hence every
> 1 ajxj, ajin @ is in A. Now let x= D _&;x; be any element of . Then

(55) > flie.x?. = (X Eixi)R. = (2 gx)) = > gy = > fix?'-
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We wish to conclude from this relation that £¥*=£;. This can be done by using
the following lemma.

LeMMA. Let C be the subring of P,x of matrices of the form Y pFa; where
the p’s and o's are in P. Then if x1, x3, - - -, xa2 @5 a basts for P, over P, the

matrices xX are left linearly independent over C.

Let {e,,} be a set of matrix units for P, and set E,,—eu Then we have
E,,Ekz—é,kE,l and D FE is the identity in P, Since pes;=ei;p for any pE&P,
p¥'E;j=E;p™. Hence cE;;=Ej for any ¢E€C. Suppose that 2 ¢;;E;;=0, cij
in C. Then

=2 E,,,,( > cijEii> E; = 0.
k .7

We now write ey, e, * * +, e, for the ¢;; and express x;= > Einer. Rec1procally
er= Zm,,x, and the matrices (£) and () are inverses. Now we have the rela-
tions &7 = > %ef so that if Y cxF =0, then

2 Ci&'kek = 0.
Since the elements Y c;£% € C this implies that

Zij?k=0, k=1,2,--~,n2.
7
If we multiply by 7% and sum on & we obtain ¢;=0 for all 4. This proves the
lemma.

We now see that if le £x; €U then £¥ =¢;1. Hence £F=¢;1. It is known
that if p is an element of P such that pE=p1 then p&®(*%). Thus ¥ coincides
with the totality of elements Y ajr;, a; in ®. Since x;€G this shows that
ACGE. Hence E=9I.

Since the xj, j=1, - - -, #?% form a basis for % and also a basis for P, over
P we see that Ap=P,. Hence U is a central simple associative algebra over ®."

Since the involution J leaves the elements of & fixed, J maps ¥ into itself.
Hence J induces an involution in %. Let y be an element of ¥ that is J-sym-
metric. Then y is P-dependent on the basis x1, x2, - - - , %, of ®. It follows
that y is ®-dependent on those elements so that yE&. Thus & may be char-
acterized as the totality of J-symmetric elements of . This proves the fol-
lowing theorem.

THEOREM 3. Let & be a Jordan algebra of type B or C over the field ®. Then
R is isomorphic to the subalgebra of J-symmetric elements of a Jordan algebra
A; where A is a central simple associative algebra that possesses an involution
J(M).

(1) N. Jacobson [2, p. 21].
(4) For algebras of characteristic 0 this result is due to Kalisch [1].
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Type A. If R is a Jordan algebra of type A then & can be regarded as a
®-subalgebra of the Jordan algebra of matrices of the form

()

and the P-space PR is the complete set of these matrices. The argument that
we shall use to determine the structure of & will parallel that given in the
B and C cases.

If x1, x5, - + -, Xs2 is a basis for & over ® then these x's form a basis for
fp over P and we have a Jordan multiplication table of the form (53) with
the v's in ®. Also we know that the universal algebra Il of ® is the set of

where @ and b are arbitrary in P,. For any element z= (§;;) of this algebra we
define 2% to be the matrix obtained by replacing the £; by the A X% matrices
£® representing these elements in the regular representation R. We know that
the elements x satisfy (54). Hence the correspondence D &wx,— D £, &
in P, is a representation of ®p over P. We know that this representation can
be extended to a representation of U over P.

Let U denote the totality of elements x&U such that xB*=x%. Then U is
a ®-subalgebra of U containing & and hence containing the ®-subalgebra €
of I generated by & We can find a basis xj, + « -, Xn2, Xu241, * * *, Xon2 for
U over P such that the x;, j >n?, are products of x;, 2<#?2 Thus all the x’s are
in €. Now let Zf"z £;x; be any element of %. Then as in (55), 2 £ = > 7%,

The lemma given above now implies that ¥ =¢; for all j.

We can now show as before that Y £x,E if and only if the £;=e; are in
®. This implies that A=E. Also we see that Up=U. If we use the fact that U
is a direct sum PP ®PP of two complete matrix algebras we obtain the fol-
lowing possibilities for the structure of %: (1) A is a direct sum of two central
simple algebras %; over ®, (2) ¥ is simple with center a quadratic extension
®(g) isomorphic to a subfield of P. We consider these cases separately.

Case 1. A=A & Ws. Then Ap=A1p ®Aop =P PP, Because of the unique-
ness of the decomposition of an algebra as a direct sum of simple algebras we
can suppose that A;, =P{®. Since ¥ is the algebra generated by &, the funda-
mental involution J in U induces an involution in %. Since J maps P on P®
and P® on P, J interchanges the two components ;. Thus %, and %, are
anti-isomorphic. It is easy to see that & is the set of J-symmetric elements of
9. Hence & is the totality of elements a;4+a], a; in %;. The correspondence
a1+a]—a, is an isomorphism of & on the Jordan algebra %;;. Thus & is iso-
morphic to a Jordan algebra ;; where ¥, is central simple over ®.
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Case 2. % is simple with center a quadratic extension ®(g) of ®. Since Ap
is a direct sum,
&(q)p = PV @ PO

where each P; is one-dimensional. Thus P® =Pe; where

2
2

2
e1te =1, e1e; = ege; = 0, e = ey, € = e

Also PP = (p)e;. Since J permutes the factors P®, el =e,, ej =e.. It follows
that J induces a nontrivial automorphism in ®(g). Hence J is an involution
of second kind. As before we see that & is the set of J symmetric elements of
. We have therefore proved the following theorem.

THEOREM 4. Lét & be a Jordan algebra over ® such that there exists a finite
extension P of ® such that Qp=P,;. Then either & is isomorphic to a Jordan
algebra U;, A central simple over ®, or { is isomorphic to the Jordan algebra of
J-symmetric elements of a simple algebra N that has center a quadratic extension
®(q) of Y and that possesses an involution J of second kind.

In the first case we say that 8 is of ¢ype A; and in the second that & is of
type An.

Suppose now that & is a Jordan algebra over ® that has the following
property: There exists an extension I' of ® such that & can be regarded as an
algebra over I' with scalar multiplication an extension of the scalar multipli-
cation over ® and such that & over I is of type A, B, C, or D. Now our results
give the structure of f regarded as an algebra over I'. Thus if & over I' is of
type Ar then we know that & over I' is isomorphic to an algebra ¥; where %
is central simple over I'. But then & (over ®) is isomorphic to U; regarded as
an algebra over ®. Hence f is isomorphic to (% over ®);. If we regard % from
the beginning as an algebra over ® we see that the center of % is I' and that
R is isomorphic to %;. Next let & over I' be of type An. Then our discussion
shows that we can find an associative algebra % over ® that has an involution
J of second kind such that  is isomorphic to the Jordan algebra (%, J)
of J-symmetric elements of 2. The center of ¥ is a quadratic extensionI'(g)
where T is the subfield of symmetric elements of the center. Similarly if &
over I' is of type B or C then there is an involutorial simple associative alge-
bra with center I' and involution J of first kind such that & is isomorphic to
S, J).

5. Universal algebras of Jordan algebras of types A-D. To determine
these algebras we shall make use of the following two lemmas.

LemMA 1. If R is an imbedding of a Jordan algebra ® and the enveloping
algebra of R has the same dimensionality as the universal algebra then R is a
universal imbedding.

We know that the correspondence a—aF can be extended to a homo-
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morphism R of U into the enveloping algebra € of R. Since the dimension-
alities of 1l and € are finite and equal, R is an isomorphism.

This lemma shows that a universal imbedding can be characterized as
one that has maximum dimensionality for its enveloping algebra.

LeEMMA 2. Let R be an imbedding of & in U and let P be an extension of the
base field ®. Then R can be extended in one and only one way to an imbedding
of e in Up. The dimensionality of the enveloping algebra of this extension is the
same as that of R.

If %1, xs, - - - is a basis for ® over ® an imbedding is determined by asso-
ciating with the x; elements xF that satisfy the same Jordan multiplication
table as the x;. For if the xF are given with this property then it is clear that
the correspondence D &x;— Z&xf is an imbedding. Since the x; also con-
stitute a basis for £ over P this proves the first assertion. Next let 23, 22,
be a basis for the enveloping algebra of R. It is immediate that every element
of the enveloping algebra of the extension of R is a linear combination with
coefficients in P of these elements. Also we know that since the z; are ®-inde-
pendent then they are also P-independent. Hence the z's constitute a basis
for the enveloping algebra of the extension.

We suppose now that U is a simple associative algebra over ® and that
the center of ¥ is a field I" that is separable over ®. We wish to determine
the universal algebra of the Jordan algebra ;. Suppose first that A=T.
Then I'=®(6), 6 a primitive element. Also since I' is commutative the Jordan
product in I' coincides with ordinary multiplication. Hence I';=T'. Let R be a
Jordan representation of I'. Then (6¥)%=(8'%)%=(0%) k= (0%)*. It follows
that R is a homomorphism of the associative algebra I'. Hence I' is the uni-
versal algebra of I';(%).

Assume next that (2:T') >1. Let A’ be an algebra anti-isomorphic to U
and let a—a’ be a particular anti-isomorphism of ¥ onto 9’. We form the
direct sum B=ADA’ and we let & be the subset of B of elements a+a’,
a €. It is clear that & is a subalgebra of B; isomorphic to ;. We assert that
R generates B. For let @ and b be two elements of U such that ab>~ba. Then

c=ab—ba=(ab+ b'd) — (b+ b)) a+ a)

is in the algebra € generated by ®. The element Y aichb;= D_(ai+a!)c(b;+b])
is also contained in €. Since ¢ is 0 and U is simple this means that every
element of A is in €. Similarly A’'CE and B=E.

. We wish to show that the identity mapping is a universal imbedding of
& and hence that B is a universal algebra. If #2=(A:T')>1 and r=T:9)
then (A:®)=n% and (B:P) =2n%. It therefore suffices to prove that if R is

(%) If T is a commutative algebra the universal algebra of T'; need not coincide with T'.
Thus let T have the basis x, y with x2=32=xy=vx=0. Then the universal algebra has basis
X, YV, XY=-YX.




162 F. D. JACOBSON AND N. JACOBSON [March

any imbedding of ¥; then the dimensionality of the enveloping algebra is not
greater than 2n?r.

Let Q be the algebraic closure of ® and form the algebra Ago. Since T is
separable over ®, I'o=QM @ QP @ - - - @Q® where the Q© are one-dimen-
sional over Q. It follows that o=@ Q@@ - . - ® QP where each QY
is a complete matrix algebra of # rows. Also (U;)e=(Uo);=L D WP ® - -
@ QF) for the Jordan algebras. By Theorem 2 and our discussion of the uni-
versal algebras of the algebras ©,; we see that the dimensionality of the uni-
versal algebra of (%) o is 2n%. By Lemma 2 the dimensionality of any envelop-
ing algebra of U; does not exceed 2n?. This completes the proof of the follow-
ing theorem.

THEOREM 5. Let A be a simple associative algebra with center T' separable
over the base field ®. Assume that (N:T')>1. Let A’ be anti-isomorphic to A and
let a—a' be a particular anti-isomorphism of A ontoW’'. Then if a—a® is any im-
bedding of U;, the mapping a+a’—aF defined on a subset of B=UADNA’ can be
extended to a homomorphism of B into the enveloping algebra of R.

We consider next an associative simple algebra % over ® that possesses
an involution J. Let $(¥, J) be the totality of J-symmetric elements. Then
D, J) is a subalgebra of A;. We again assume that the center I' of U is
separable over ® and we wish to determine the universal algebra of $(%, J).
Let Q be the algebraic closure of ® and consider the algebra %o. The involu-
tion J can be extended in one and only one way to an involution J in %g. The
space of J-symmetric elements of g is the extension space H(A, J)q.

Any involution induces an automorphism in the center I" and since J2=1,
the induced automorphism is either the identity or it has the period two in T'.
We recall that in the former case J is of first kind and in the second that J is
of second kind. We suppose first that J is of second kind. We assume through-
out that (A:T) >1.

Let A be the subfield of I' of J-symmetric elements and let (A:®P)=¢.
Then (I':A)=2 and (T':®) =r=2¢. Hence 'eg=QW @ QPP - - - & Q20 where’
each Q@ is one-dimensional. Since the Q( are uniquely determined, J per-
mutes these components. Hence if e; denotes the identity of Q® then ¢ is
one of the ¢'s. Since J is of period two the permutation of the e’s that it de-
termines is of period two. Hence we may suppose that J has the form:
(e1, €2) (€3, €4) - - - (€251, €25)(€26+1) + * + (€2:). Then a basis for the set of J-sym-
metric elements of T'g is ei+es, « - -, €2,—1+ €2, €2541, * * +, €2:. Hence the
dimensionality of this set is s+ (2t —2s) =2¢—s. Since we know that the di-
mensionality of this set is the same as that of A, namely {, we see that t=s.
It follows that J interchanges 2" and Q®, Q¥ and Q¥, - - . . The elements
of &(NU, J)e are arbitrary sums of the form

(56) (a1 + 1) + (a5 + ds) + + -+ + (@2ir + @2i)




1949] CLASSIFICATION OF SEMI-SIMPLE JORDAN ALGEBRAS 163

where a;E Q. This shows that $(2, J)e=QP® P ® - - - ® Q% V. Using
our results we know that the dimensionality of the universal algebra of such
a direct sum is 2¢n% On the other hand it is easy to see by the argument used
in the proof of Theorem 5 that the subalgebra generated by the elements of
the form (56) is the whole algebra Aq. Hence the subalgebra generated by
O, J) is the whole of . Since (A:P) =2in? we see as before that U is the
universal algebra of (¥, J). It is also clear that J is the fundamental involu-
tion in the universal algebra.

We assume next that J is of first kind. Here $(¥, J) contains I and we
can regard ¥ and $ as algebras over I'. We do this first and we consider (A
over I')g=Q,. The involution J can be extended to an involution J in £,
and the symmetric elements relative to the extension constitute the algebra
(9 over I')g. On the other hand since Q is algebraically closed we know that
we can choose a suitable matrix basis for Q, so that J appears to have either

- the form a—a’ or a—¢~'a’q (n even) where ¢ is given by (4). Accordingly we
say that J is of type B or of type C. We exclude the case type C and n<4
from further consideration. Using the values for the dimensionalities of the
algebras of class B and C we obtain

n(n + 1)/2 for type B
n(n — 1)/2 for type C.

Hence (9:®)=rn(n+1)/2 or rn(n—1)/2 in the respective cases if r=(I': ®).

We now regard U, I', and 9 as algebras over &. We have I'g= QO ¢ Q@
@ -0, A=V oPD - .- ®Q?. The involution J can be ex-
tended to an involution in Yq. This mapping leaves each 2 and hence each
Q" fixed. Hence we may suppose that in Q¥ we have either a)=a/ or
al =q¢7'ajg, g as in (4). It is clear that $(2, J)qg is a direct sum of the algebras
of J-symmetric elements of the QY. Since (O, J)o:Q)=(HQ, J):d)
=rn(n+1)/2 or rn(n—1)/2 it follows that we either have a) =a! for all ¢
or a] =q'ajg for all 4. In no case do we have a] =¢~la/q if n=4. Hence the
dimensionality of the universal algebra of g is 7n2. Also we see that the
subalgebra of g generated by g is Ao. Hence the subalgebra generated by
O is A. Since (A:P) is rn? we see that A is the universal algebra. It is also clear
that J is the fundamental involution in the universal algebra. This com-
pletes the proof of the following theorem.

O:T) = (D over I)o:Q) {

THEOREM 6. Let A be a simple associative algebra that has separable center
T and that possesses an involution J. Assume that (N:T')>1 and that (A:T)>4
if J is of first kind and type C. Then of (U, J) denotes the subalgebra of U;
of J-symmetric elements, any imbedding of (N, J) can be extended to a homo-
morphism of the associative algebra AN.

We consider finally the Jordan algebras of type D. Let A be a Clifford
algebra over a field I' that is separable over ® and let & be the Jordan sub-
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algebra of ¥U; of I'-combinations of the elements so, s1, - - -, .. We regard
A and R as algebras over ®. If &, &, - - -, £, is a basis for I' over ® then the
(n+1)r elements &;5;=§&;-s; form a basis for ® over ®. Also we have the
multiplication rule (§;-5s;) - (§x-5:) = (&i-&x) - (s5-55). If Qis the algebraic closure
of &, Tg=0V QPP - - - ®Q", Hence the space over Q determined by
the £’s has a basis ey, €, - - -, e, with multiplication table e;-e; =8;;¢;. Hence
Ro has the basis e;-s; such that (e;-s;)- (er-5:) =0:xei- (s;-5:). It follows that
Ra=KDVPORKPD - - - DRD where K has the basis e;=e€; Soy, €i-S1, * * *,
e;-S,. Any elements of I'g has the form Zwie.-, w; in Q. Hence the product
of such an element by e; is wse;. It follows that if j, k=1 then

(ei-sj)(ei-sk) = ei'(S,"Sk) = Bikwjef.

Hence each £ is of type D. The dimensionality of the universal algebra of
KO is 2™; hence that of fg is #2™. On the other hand we see that the algebra
A is of dimensionality #2™. This proves that A is the universal algebra of &
over &.

THEOREM 7. Let A be an algebra of Clifford numbers over a field T' that is
separable over ® and let R be the Jordan subalgebra of U; whose basis over T' 1s
the set of gemerators so, S1, * * *, Sn. Then any tmbedding of & over ® can be ex-
tended to a homomorphism of U over .

The fundamental involution J in the universal algebra sends

€1 €n €n €1
Z Pey...e,S1 0 0 0 Sp > Z PereceySn * 81

€;=0,1 €;=0,1

where the p’s are in I'. We remark that if #=4 then ¥ contains J-symmetric
elements that do not belong to . For example sis25354 is such an element.

6. Isomorphisms and derivations. Let G be an ismorphism of a Jordan
algebra f: on a Jordan algebra R. If U; is the universal algebra of ; then G
can be extended to an isomorphism of l1; on Us. Also if J; is the fundamental.
involution in U; then if a:ER1, a1/:G=a:G=a:GJ.. Thus the two anti-iso-
morphisms JiG and GJ, coincide on &;. Since &; generates 1, it follows that
JiG=GJ,. Hence J,=G~'J,G. In general if U; are associative algebras with
involutions J; then we say that J; and J; are cogredient if there exists an iso-
morphism G of U; on U, such that J,=G~1J;G. Then we see that if ; and {:
are isomorphic Jordan algebras then the fundamental involutions in their
universal algebras are cogredient. Conversely suppose that the J; are co-
gredient and, moreover, that £; is the complete set of J;-symmetric elements
of U;. Then if J,=G~1J,G, G maps & on .. Hence G induces an isomorphism
of 8 on R.. These remarks can be used to determine the isomorphisms be-
tween the Jordan algebras considered in the preceding section.

As before we shall assume that (%:T') >1 for the involutorial algebras 2
that define Jordan algebras of types A, B and C. We assume also that
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(2:T") =6 if the involution is of type C. Finally we restrict the value of # in
the definition of the algebras of type D to #=S5. Under these restrictions we
can show that no algebra of one type can be isomorphic to one of a different
type. We assume first that one of our algebras, say £, is of type D. If G is an
isomorphism of ®; on a second algebra in our list then J,=G~1J,G for the
fundamental involutions. Hence G maps the totality & of Ji-symmetric ele-
ments on the totality & of J,-symmetric elements. We know that D f:.
Hence £, D . On the other hand we know that if & has type A, B, or C then
L= R,. Thus K is also of type D.

We note next that an algebra of type Ar can not be isomorphic to one of
type Am, B or C. For the universal algebras for types A are not simple while
those of the other types are. An algebra of type An can not be isomorphic
to one of type B or C since an involution of second kind cannot be cogredient
to one of first kind. Finally let & of type B be isomorphic to ; of type C.
Then the universal algebras U; are isomorphic. If T'; is the center of %,
(Uy:Ty) =n2=(A:Ty) and (I'1:P) =r=(T'3:P). Then (R1:P) =rn(n-+1)/2 while
(R::®) =rn(n—1)/2. This is impossible. Hence we have proved:

THEOREM 8. Under the restrictions in the orders noted above Jordan algebras
of different types are not tsomorphic.

Now let a;—a? be an isomorphism of %y; in %s; where 9, and %, are simple
with separable centers. Then we form the direct sum of %; and %/ where A/
is anti-isomorphic to U; under the correspondence a¢;—af. We know that
a;+a{ —a? defines a homomorphism G* of B;=%®A{ on NAx. Since the only
two-sided ideals in 8B, are By, Ay, A and 0, G* either maps I{ on 0 or it maps
9, on 0. In the first case (a14-af )% =a$ =a¢ so that G* induces the original
mapping of A; on Az. Thus G is an isomorphism of the associative algebra 2,
on the associative algebra ¥, In the second case (a1+af)% =(af)% =df.
Hence G is the resultant of @;—a{ and G*. Thus G is an anti-isomorphism of
1 on As. This gives the following result which in a more general form is due

to G. Ancochea(*):

THEOREM 9. Let U, and W, be simple associative algebras with separable
centers. Suppose that G is an isomorphism of Nij on g, Then G is either an
isomorphism or an anti-isomorphism of Ay on Ns.

In a similar manner we can easily prove the following theorem.

TuEOREM 10. Let Uy and A; be involutorial simple algebras with separable
centers. Suppose that G is an isomorphism of DNy, J1) on DN, J2), J; the
given involutions. Then G can be extended to an isomorphism G of Ny on Wy such
that J2=G-IJ1G(17).

(%) Ancochea [1]. See also N. Jacobson [4] and Kaplansky [1].
(*7) For central algebras this has been proved by Kalisch [1]. A more general result is given
in N. Jacobson [4].
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In the case of algebras of type D we restrict ourselves to the case I'=®.
An isomorphism G of the system (so, 51, * * +, s.) onto (fo, &1, + * * , ¢,) sends
s; into s§ = X uijt;. Clearly s§=t,. It is easy to see that the only elements of
(so, $1, * + +, S,) that satisfy quadratic equations of the form x2=£s¢ are the
multiples of s, and the elements of the form > s, It follows that
s8= D "muitifor i=1, 2, - - -, n. Now if x= D 2&s;

n

x = 3 ki = (8)
1

and (x6)2=f(£). On the other hand x%= D &is¥ = D> Eauiit;= D mit; so that
(x6)2= > "18m} if £5=B,s0. Thus the diagonal matrices a= {ai, az, * - *, &t}
and 8= {Bl, B -, B,.} are cogredient. It is easily seen that this condition
is also sufficient. Also one sees that the group of automorphisms of
(so, S1, - -+, S$n) is isomorphic to the group of matrices (u) such that
(m) a(p) =a.

We shall obtain next the derivations of our algebras. These can be obtained
by using the following general principle: If D is a derivation in a Jordan
algebra R then D can be extended to a derivation in its universal algebra U.
Asin §1 we take U to be the algebra §/8B where § is the free algebra generated

by X1, X, - + - in 1-1 correspondence with the basis x1, xs, - - - of  and B is
the ideal generated by
(58) (XX + XiX))/2 — 20 viieXe.

The element x; is identified with the coset mod B of X;. If D is a derivation
in ® we have x? = D _0;;x; where

(59) (xfx, + xix? + x?xi + x,~xf)/2 = Z ‘Y,';kxf .

Now it is clear that since { is a free algebra there exists a derivation sending
the generators X; into arbitrary V; in §. We take Yi;= Y ¢;X; and call D*
the associated derivation in U. Then D* maps (58) into

D+ D+ D+ D* D+
(XiX;+ X X; + X, Xo + X;X:)/2 — 20 viinXe -

The coset of this element mod B is 0 by (59). Hence D* maps 9B into itself.
Therefore D* induces a derivation D inl1 = /8. Clearly the induced mapping
is an extension of the original D in .

We apply this result first to the case & =9;, A simple with separable
center. Then we see that D defines a derivation in $=ADYA’ that maps
a+a’ into a?+(a?)’, a in U. Since any derivation in $ is inner(*8) there
exists an element d+e’, dEA, e'EA’ such that

@+ @) =la+d,d+ ] =[qd]+ [ ]

(*8) N. Jacobson [1, p. 215].
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where as usual [x, y] denotes xy —yx. It follows that a? = [a, d]. This proves
the following theorem.

THEOREM 11. Let U be a simple associative algebra with separable center.
Then if D is a derivation in the Jordan algebra U; there exists an element d in A
such that a® = [a, d] for all a.

Suppose next that A has an involution and that D is a derivation in the
 Jordan algebra $(%, J). Then D defines a derivation in the universal algebra
9. Hence there exists a dE U such that a?= [a, d] for all aEH. We apply J
to this equation and obtain a?= [d’, a]=[—a, d’]. Hence d+d’ commutes
with every a € 9. It follows that d+d’=686&T. Since 8/ =48 we can replace
d by d'=d—98/2 to obtain (d')7= —d’. This element produces the same
effect as d; hence we can suppose that d’/ = —d.

THEOREM 12. Let A be a simple associative algebra that has a separable
center and that has an involution J. Then if D is a derivation in (N, J) there
exists a J-skew element d in A such that a® = [a, d].

In considering the derivations of the algebras of type D we again restrict
ourselves to the central simple case I'=®. Actually it can be scen that this
restriction is not necessary but for the sake of brevity we make it here. Let
D be a derivation in the system (so, s1, - - * , Su). Since s2=so, 2s0-s0=s>.
Hence s?=0. Next set x= > tis; and differentiate x2=f(£). This gives
x-(xP) =0. If we apply this to x =s; we see that sP = Y .+, g.;s;. Then x- (x2)
=0 implies that the matrix (o) satisfies the equation «a(s)+(c)'a=0,
a= {al, Qg c -, an} as before.

7. Semi-simple Jordan algebras of characteristic 0. We recall that Al-
bert(*®) has called a Jordan algebra solvable if the derived sequence &, R 2,
K4=(R%)2 - - - leads to 0. Here & 2 is the space generated by all products
a-b, a and b in R. The radical of a Jordan algebra  is the maximal solvable
ideal and R is semi-simple if it has no nonzero solvable ideals. It has been
proved by Albert that any semi-simple Jordan algebra over a field of char-
acteristic 0 has an identity and is a direct sum of simple algebras. This result
reduces the problem of determining the semi-simple algebras to that of de-
termining the simple algebras.

Now let & be simple. Let T' be the center of f defined in the usual manner
for non-associative rings as the totality of elements that commute and asso-
ciate with all the elements of the algebra. Then I is the set of elements such
that

v-(a-d) = (y-a)-b  a(vd) = (a1},

a-(b-y) = (a-d)-v(*).

() Albert’s results quoted here are in [4] and [2].
(2) Cf. Albert [5] or N. Jacobson [3].
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It is known that I is a field containing the set ®1 of ®-multiples of 1. By (60)
f can be regarded as an algebra over I' with scalar multiplication an exten-
sion of the originally defined multiplication az =al-a. It is known that  is
central simple over I' in the sense that (f over I')q is simple for every exten-
sion field @ of T'.

Now it has been shown by Albert (*) that there exists a field P such that
(R over I')p is a split algebra. Hence & over I' is of type A, B,C, D or E in
our sense. If & is of type E it is not a special Jordan algebra. On the other
hand if & has type A, B, C, or D then the results of §4 show that & is a special
Jordan algebra and we have the following structure theorem:

THEOREM 13. Let 8 be a stmple special Jordan algebra over a field ® of
characteristic 0. Then R is isomorphic to one of the following types of algebras:
(1) an algebra A; where N is a simple associative algebra, (2) (N, J) the algebra
of J-symmetric elements of a simple associative algebra that possesses an involu-
tion J, (3) a Jordan algebra associated with a Clifford system over a field T
containing .

In each of these cases we have proved that the universal algebra is either
a simple algebra or it is a direct sum of two anti-isomorphic simple algebras.
If ® is a semi-simple special Jordan algebra, & is a direct sum of simple
Jordan algebras. Also since any subalgebra of a special Jordan algebra is spe-
cial, the simple components are special. Since the universal algebra of a direct
sum of algebras with identities is a direct sum of the universal algebras of the
components, we can state the following general theorem:

THEOREM 14. The universal algebra of any semi-simple special Jordan alge-
bra over a field of characteristic 0 is a semi-simple associative algebra.

As a corollary we have the following result:

THEOREM 15. Any matrix representation of a semi-simple Jordan algebra
over a field of characteristic 0 is completely reducible.

For it is known that any matrix representation of a semi-simple associa-
tive algebra is completely reducible.

Finally we note that we can use our determination of the universal alge-
bras to obtain the irreducible rnatrix representations.

(') Albert [4, p. 567] and [2, p. 554].
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